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Abstract. We will prove the local and global existence of solutions of the generalized micro- 
electromechanical system (MEMS) equation ut = Au + \f{x)/g{u), w < 1, in ^2 x {0,oo), 
u[x,t) = on dfl X (0, oo), u(a;,0) = uq in fl, where fl C K" is a bounded domain, A > 
is a constant, < / G C°(f2), / ^ 0, for some constant 0<Q!<1, 0<fi(G C-^(( — oo, 1)) 
such that g' {s) < for any s < 1 and uq G L^(r2) with uq < a < 1 for some constant a. We 
prove that there exists a constant A* = X* (yi, f, g) > such that the associated stationary 
^ ' problem has a solution for any < A < A* and has no solution for any A > A* . We obtain 

. comparison theorems for the generalized MEMS equation. Under a mild assumption on the 

initial value we prove the convergence of global solutions to the solution of the corresponding 
stationary elliptic equation as i — > oo for any < A < A* . We also obtain various conditions 
for the existence of a touchdown time T > for the solution u. That is a time T > such 
, that limtyT supQ t) = 1. 

00 

O 

> 

^ ' Micro-electromechanical systems (MEMS) are widely used nowadays in many electronic 

■ devices including accelerometers for airbag deployment in cars, Inkjet printer heads, and 
the device for the protection of hard disk, etc. Interested readers can read the book, 
Modeling MEMS and NEMS [PB], by J.A.Pelesko and D.H. Berstein for the mathematical 
modeling and various applications of MEMS devices. Due to the importance of MEMS 
devices it is important to get a detail analysis of the mathematical models of MEMS 
devices. In recent years there is a lot of study on the evolution and stationary equations 
arising from MEMS devices by P. Esposito, N. Ghoussoub, Y. Guo, Z. Pan and M.J. Ward 
[EGhG],[GhGl],[GhG2],[GPW],[G], N.I. Kavallaris, T. Miyasita and T. Suzuki [KMS], 
F. Lin and Y. Yang [LY], L. Ma and J.C. Wei [MW] and J.A.Pelesko [P], etc. 
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Let J] C R"^ be a bounded domain. Let 



< / e C"(n) for some constant < ck < 1 and / ^ in (0.1) 

and let 

0<ge C^((-oo, 1)) such that g'{s) < Vs < 1. (0.2) 
In this paper we will study the generalized MEMS equation 

Ut = Au+ infix (0, T) 

g{u) 

u{x,t)=0 ondnx{0,T) 

^ u{x, 0) = uo in n 

and the associated stationary problem, 

— Av = — -— m s I 
v{x) =0 on dfl. 

When g{u) = (1— u)^, (0.3) and {S\) reduces to the evolution and stationary MEMS equa- 
tions respectively which were studied extensively in [EGhG] , [GhGl] , [GhG2] , [GPW] , [G] , [P] . 
An equation similar to (Sx) arising from the motion of thin films of viscous fluid is studied 
by H. Jiang and W.M. Ni in [JN]. The aymptotic and touchdown behaviour of solutions of 
(Sx) with g{u) — (1 — u)^ and uq = was studied in [GhG2] and [G]. When g{u) = (1 — u)^ 
with p > 0, (Sx) was studied by L. Ma, J.C. Wei, Z. Wang and L. Ruan [MW],[WR]. The 
equation (0.3) and (Sx) with g{u) = (l—u)^ and uq G [0, 1) were also studied by N.I. Kaval- 
laris, T. Miyasita, T. Suzuki [KMS]. By the results of [GhGl],[GhG2], and [WR], when 
g{u) = (1 — u)P with p > 0, there exists a constant A* > such that (Sx) has a solution 
for any < A < A* and {Sx) has no solution for any A > A*. 

In this paper we will show that there exists a constant A* > such that similar results 
hold for (Sx)- The constant A* is called the pull-in voltage of the equation (Sx) in the 
literature of MEMS. For any uq G L^(0) with uq < a < 1 for some constant a we will 
prove the local existence and comparison theorems of solutions of (0.3). If w is a global 
solution of (0.3) with < A < A*, then under a mild assumption on the initial value we 
prove the convergence of the solution of (0.3) as t — > oo. We also obtain various conditions 
for the solution u of (0.3) to touchdown at a finite time. That is the existence of a time 
T > such that 

lim sup u(-, t) = 1. 

The plan of the paper is as follows. In section 1 we will prove the existence of finite 
pull-in voltage A* > of (Sx) and the existence and non-existence of solutions of (Sx)- 
We will also prove the non-existence of bounded solution of the stationary problem in M". 
In section 2 we will prove the existence of solutions and various comparsion results for 
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solutions of (0.3). In section 3 we will prove the global convergence of solutions of (0.3) 
for < A < A*. We also obtain various conditions for the solutions of (0.3) to have finite 
touchdown time. 

We start with a definition. We say that f is a solution (subsolution, supersolution 
respectively) of {S\) if e C^(f2) fl C(n), v < 1 in fl, satisfies 

—Av = — -— m Si 

(<, > respectively) with v{x) = (<, > respectively) on dQ. Note that by the maximum 
principle for super harmonic function if v is a solution or supersolution of {S\), then v > 
in Q. We say that v is a, minimal solution of (Sx) if v is a solution of {S\) and v <v in Q 
for any solution v of (Sx). 
For any 

Uq G L^(0) with uq < a on (0-4) 

for some a G (0, 1) we say that zi is a solution (subsolution, supersolution respectively) of 
(0.3) in n X (0, T) if u G C^^^{n x (0, T)) n C{Tl X (0, T)) satisfies 

Ut = Au + ^^^ innx(0,T) 

(<, > respectively) with u{x,t) = (<, > respectively) on d^l x (0, T), 

sup u{x, t) <1 VO < T' < T 
nx(o,T'] 

and 

||M(-,t) - 'UollLi(n) ^ ast^O. (0.5) 

For any solution u of (0.3) we define the touchdown time Tx = Ta(11, f,g)>0 as the time 
which satisfies 

sup u{x, t) <1 VO < t < Ta 

fl 

lim sup w(a;, t) = 1. 

We say that u has a finite touchdown time if Tx < oo and we say that u touchdowns at 
time infinity if Tx = oo. 

Let G{x,y,t), x,y G fi, t > 0, be the Dirichlet Green function of the heat equation in 
11 X (0, oo). That is for any y E Cl, 

dtG = A^G infix (0, oo) 
G{x,y,t) = yxedn,t>0 
lim G{x,y,t) = 6y 



where 5y is the delta mass at y. By the maximum principle, 

Q<G{x,y,t)<-^e-\-y\''^K (0.6) 
(47r) 2 

For any K C i?^ x (0, oo), < /? < 1, let 

C2'i(K) = {/:/, fu e Vi, J = 1, 2, . . . ,n} 

and let c2+/3,i+(^/2)^^^ denote the class of all functions / e C^^^^K) such that 

l/,(a;;,t;) < c{\x\-x'^f + \t'^-t'^f/^)} vK,t;),(4,t^) e k 

holds for some constant C > and any i, j = 1, 2, ■ ■ ■ , n. 

For any set A, let xa be the characteristic function of A. For any a e M, let a_ = 
max(0, -a). For any xq e W^, R > 0, let i?i?(a;o) = {x e : |a; - xo\ < R} and 
-Bfl = Bji{0). Let C be the family of bounded domain Qi C such that J] C J^i. 
For any fii e C let ij,q^ > be the first Dirichlct eigenvalue of —A in fii and V'fii be the 
corresponding positive eigenfunction normalized such that 

max-i/jfi^ = 1 and sq^ = inin^ni > 0. 

Let //i > be the first Dirichlet eigenvalue of —A in fl and let 0i be the first positive 
Dirichlet eigenfunction of — A in normalized such that J^(j)idx = 1. Let 

uq = sup fin^SQ^. 



Section 1 

In this section we will prove the existence of finite pull-in voltage A* > of (Sx) and 
the existence and non-existence of solutions of {S\). We also obtain various estimates for 
A*. 

Theorem 1.1. Suppose f satisfies (0.1) and g satisfies (0.2). Then there exists a constant 
A* = A* (J], f,g) > such that 

(i) WO < X < X* , there exists at least one solution of (Sx) 
(a) VA > A*, there exists no solution of (Sx). 

Moreover 

suPo<.<i g^(^) ^ ^* ^ ^i^(O) /I 1^ 

m 7 < A < . • (i.ij 

maxj^/ Jnf(l^idx 
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Proof. Since the proof of the theorem is similar to the proof of Theorem 2.1 of [GhGl], 
we will sketch the argument here. Note that u = in f2 is a solution of {Sx) when A = 0. 
Let D = {X> : (Sx) has a solution} and 



A* = A*(n,/,^) = supA. 

Aer> 

Wc claim that D ^ (p. In order to prove the claim we first observe that = on O is a 
subsolution of (Sx) for any A > 0. We will next construct a supersolution of {Sx)- For 
any Qi e C and < ^ < 1 let •0 = Aipn^ . Then by (0.2) for any 

Ag(A) 



maxjy/' 
we have 

^ / 

-Alp = AfXQ^ijjQ^ > —— — - in n. 

Hence is a supersolution of (Sx)- Let vq = in Q and for any A; > 1, let be the 
solution of 

-Avk = \ m n 

Vk{x) = on dQ. 

By (0.2) and an argument similar to that of [GhGl], < Vk < ffc+i < < 1 iii ^ foi^ ciU 
A; > and Vk will converge to the minimal solution v of (Sx) as A; — > oo. Hence D ^ (j) and 
the left hand side inequality of (1.1) holds. 

Suppose now v is a solution {Sx)- Multiplying {Sx) by 0i and integrating over f2, by 
(0.2) we have 

A*i ^ A*i i v4>\ dx = — f vA(j)i dx = — f (j)iAv dx = X f ^-f\ dx > — — / dx- 
Jq Jn Jet Jci 9{v) g{0) Jn 

Hence 

^i^(O) 



A < 



In f(Pi dx ' 



Thus the right hand side inequality of (1.1) and (ii) follows. For any < A < A*, there 
exists A < Ai < A* such that (-S^J has a solution vx^- Then vx^ is a supersolution of {Sx)- 
By (0.2) and the monotone iteration scheme as before (cf. [GhGl]) {Sx) has a solution v 
satisfying < v < vx in Q and (i) follows. 

We will now let A* be given by Theorem 1.1 for the rest of the paper. The following 
result improves the upper bound of A* of Theorem 1.1. 
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Proposition 1.2. Suppose f satisfies (0.1) and g satisfies (0.2). Then 

fn qis) ds 

y<^i ^^'\' 1.2 



where 



H{v)^ I g{s)ds. (1.3) 

J V 



Proof. Suppose v is a solution of {Sx). Multiplying [S\) by g{v)(f)i and integrating over 

n, 

A / f(f)\dx = — I g{v)(f)iAvdx 
Jo, Jn 

= / V{g{v)4)i) -Vvdx - f g{v)(pi^da 
Jn Jdn 

= / g'{v)(l)i\Vv\'^ dx + / g{v)V(t)i-Vvdx 



< - I V(})i-VH{v)dx 
Jq. 

= f H(v)A(f)idx- f H{v)^da 
Jq JdQ Of 

= -/xi / H{v)(j)idx- H{Q) I ^da 
Jq JdQ 

= - //I / H{v)(j)i dx - H{0) / A01 dx 
Jq Jq 

= — /xi / H{v)(pi dx + iJ,iH{0) / (pidx 
Jq Jq 

= -yui / H{v)(f)idx + iJ,iH{0) 
Jq 



and (1.2) follows. 

We will next prove a more computable bound for A*. 
Proposition 1.3. Suppose f e (7^(17) satisfies 

5i = inf/>0, (1.4) 

g satisfies (0.2), and O C , n > 2, is a strictly star-shape domain such that x > b > 
on dVt where v is the unit outward normal to dQ at x E dQ. Then 

iin + 2)\\fh^+2b,)\dQ\ ^^^^ 

^ 5m\ '^^^ 
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where hi = sup^ \x ■ V/|. In particular if Q = Bji, then 

y < "«" + ^)|{il^" + ^'")g(o). 

R 



Proof. Suppose A > and v is a solution of {S\). By {S\) and the Pohozaev identity [N], 

Ja Wo «W/ 2 Ja g{v) 



+ a/^(..V/M)(/""'^)... (1.5) 



By (0.2), 



\Jo 9{s))- g{v) 
Hence the right hand side of (1.5) is less than 



; vf(x) , , (n — 2) /" vfix) , f V , 

<Xn / / / dx - A- / , / dx + Abi / 



<M^-^UU^..)i^y (1.) 



Now by the Holder inequality, the Green theorem and (^a), 



(1.7) 

By (1.5), (1.6) and (1.7), 



bX'^df f f dx Y / (n + 2) 
<^ A 



((n + 2)||/|Uoo+26i),^^, . f dx ^,,2 1^1 



^ ^0 In 



■\dn\ >xdf f -^>xsf 



9{v) - 9(0) 
^ {{n + 2)\\fU^ + 2bi)\dQ\ ^^^^ 

^ 5fb\n\ 

Jin + 2)\\fU^+2bi)\dn\ _^^^ 

^ - s!b\n\ 



and the proposition follows. 



Corollary 1.4. Let f e C^{Q) satisfy (1-4) such that suppVf C Bji^ for some constant 
Ri > 1 and let g satisfy (0.2). For any A > there does not exist any hounded solution 
for the problem, 

-Aw = ^^,w < 1, in M'^ (1.8) 

Proof. Suppose there exists A > such that (1.8) has a bounded solution w. Without loss 
of generality we may assume that < w < 1 in R". Let 

P 2n((n + 2)11/11^^ +2i?i||V/||^^) 

By Proposition 1.3 \*{Bpi^, /, g) < A/2. On the other hand since is a supersolution of 
{S\) with fl = Br2, by the construction of solutions of {Sx) in Theorem 1.1, there exists 
a solution v of {S\) with O = Br^ satisfying Q < v < w. Hence X*{Bji^, f, g) > A and 
contradiction arises. Thus no such solution w exists. 

Proposition 1.5. LetQi C O2 and let fi, /2 satisfy (0.1) inQi, Q2, respectively for some 
constant < a < 1 such that fi < /2 in Oi. Let (71,(72 satisfy (0.2) such that gi{s) > 
92{s) > 0/or anys < 1. Then A*(fii, A, (71) > A*(n2, /2, ^2). // < A < A*(n2,/2,^2) 
and vi, V2, are the minimal solutions of (S\) with Q. = Qi,Q2} f = fi,f2,g = 91,92} 
respectively, then vi < V2 in Qi. If moreover Qi = Q2 = ^ o-nd f\ ^ f2, then vi < V2 in 

n. 

Proof. For any A < A*(02, /2, (72), let V2 be the minimal solution of (Sx) with O = O2, / = 
f2,g — 92- Then V2 is a supersolution of (Sx) with Q — ^1, f — fi,9 = gi- Since is a 
subsolution of {Sx) with ^ = ^1, f = fi, g — gi, hy the monotone iteration scheme for 
the construction of solution of (5a) as in the proof of Theorem 1.1 the minimal solution 
vi of (Sx) with = fii, / = /i,^ = ^1 satisfies < vi < V2 in fli. Hence A*(f2i, fi,gi) > 

A*(02,/2,(72). 

We next suppose that = Q2 = ^ and fi ^ /2. Let G{x, y) be the Green function for 
A in n. Then 

vAx) = X [ G(x,y) dx Vi = 1, 2. (1.9) 

Jn 9i{vt{y)) 

Since vi < V2 in O, by (0.2) fi{x)/gi{vi) < f2{x)/g2{v2) in O. If fi ^ /2, there exists a 
set A C O of positive measure such that fi{x) / gi{vi) < f2{x) / g2{v2) in ^- Then by (1.9), 
f 1 < ^2 in O and the proposition follows. 

For any solution v of (Sx) we let 

f{x)g^{v) 
9{v) 

be the linearized operator of {Sx) around the solution v. Let 

/Ii = /Ii(A,^)= inf L I V^l' + ^ lM9'iv)/9{v)')w' dx 
' weH^ifi) J^w"^ dx 

and (pi be the first eigenvalue and the corresponding first positive eigenfunction of Ly^x- 
We say that f is a stable solution of (Sx) if f is a solution of {Sx) with /ii(A, v) > 0. 



Lv,xw = -Aw + A — ^y— ^ — w 



Theorem 1.6. Let f satisfy (0.1) and g satisfy (0.2) and 

(s) > Vs < 1. (1.10) 



V" 
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Suppose V and v are solution and supersolution of (Sx) respectively. Ifjii= ]j,i{X,v) > 0, 
then V > V in Q. If]j,i = 0, then v = v in Q. 

Proof. We will use a modification of the proof of Lemma 4.1 of [GhGl] to prove the 
theorem. Let 

h(x,s) ^ -A(sv + (1- s)v) , ^ y ^ VO < s < 1. 

g{sv + (1 — s)v) 

Then 

h{x,0) = 0. (1.11) 

By (1.10) and the Jensen inequality, 

-A{sv + {l-s)v) = Xf(^ + ^)> Y V0<.<1. 

\g{v) g{v) J g{sv+{l-s)v) 

Hence 

h{x,s)>0 in CI VO < s < 1. (1.12) 

By (1.11) and (1.12), 

^(a;,0)>0 ^ -A{v-v) + Xf^^{v-v)>0 in a (1.13) 

OS g{v) 

Suppose first /ii > 0. Multiplying (1.13) by {v — f)_ and integrating over Q, 

0> / \V(d-v)-\^dx + X [ f^^iv-vf_dx 



> Hi / {v — v)_dx 
Jn 

v>v in n. (1.14) 



Suppose now /xi = 0. Multiplying (1.13) by 0i and integrating over Q, 
0< - [ ^iA(v-v)dx + X [ 4)if^-^{y-v)dx 



:/^(.-.)(- 



A0i+A/^^i ) dx 



=0. (1.15) 
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Hence by (1.13), (1.15) and the positivity of 0i in ft, 



f^(x,0) = -A(5-.)+A/4<^> 

OS g{v) 



{x,0) = -A{v-v) + Xf^^j^{v-v) = mQ. (1.16) 



By (1.10), (1.11), (1.12) and (1.16), 



^^^■(a;,0)>0 ->^f(-) {v){v-vf>0 inn 



=^ V = V in n \ Di 

where Di = {x e ft : f{x) = 0}. By (1.16) A{v - v) = in Di. Since v = on dDi, 

V = V on Di. Hence v = v in Q and the theorem follows. 

By Theorem 1.6 and an argument similar to the proof of Theorem 4.2 of [GhGl] we 
have the following theorem. 

Theorem 1.7. Let f satisfy (0.1) and g satisfy (0.2) and (1.10). For each < A < A* 
let v\ he the minimal solution of (S\). Then v\{x) is a stable solution of (S\) for any 
< A < A*. Moreover for each x EVt, v\{x) is differ entiahle and strictly increasing with 
respect to X & (0, A*) and Jli{X,v\) is a decreasing function of X & (0, A*). 

Proposition 1.8. Let f satisfy (0.1) and g satisfy (0.2) and (1.10). For each < A < A* 
let vx be the minimal solution of (Sx). Suppose v is a solution of (Sx) and v ^ vx. Then 
Jii{X, v) < and the function w = v — vx is in the negative space of Ly^x- 

Proof. Since vx is the minimal solution of (Sx), v >vxin fl. Let Di = {x E 0, : f{x) — 0} 
and D2 = {x E 0,\Di : v{x) ^ vx{x)}. li v = vx in Cl\Di, then A{v — vx) = in Di and 

V = Vx on dDi. Thus v = vx on fi. Contradiction arises. Hence v ^ vx in Q \ Di and D2 
is a set of positive measure. By the mean value theorem, 

Lv,x{'" -Vx) =- ^{v - Vx) - A/ {v){v - Vx) 

1 1 (V' 



-^f<\-g) ^^'^-[-g^ i-)}iv-vx) 



V" 



=A/(^-J (e2)(^-^A)(ei-^) ini^2 (1.17) 

for some functions ^i{x) e {vx{x),v{x)), ^2{x) e {vx{x),^i{x)). Hence by (1.10) and 
(1.17), 

< Ly^xw,w>= ^"^(^) (^2)(^;-^^a)^(Ci -^)cia; < 0. 
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Thus iJ,i{X,v) < and the proposition follows. 



Section 2 

In this section we will prove the local and global existence of solutions of (0.3). We also 
obtain various comparison results for the solutions of (0.3). 

Theorem 2.1. Let wo,i,'«o,2 e L^(fi). Let f e C{Q) and < g e C^((-oo, 1)). Suppose 
ui, U2, are suhsolution and supersolution of (0.3) in Q x (0,T) with initial value uq = 
uo,i,uo^2} respectively such that 

ai = max( sup ui{x,t), sup U2{x,t))<l. (2-1) 
nx(o,T) nx(o,T) 

Suppose either (1-10) holds or there exists a2 < 1 such that 

ui{x, t), U2{x, t)>a2 onnx (0, T). (2.2) 

Then 

(i) I {ui - U2)+{x, t)dx < e^^ / (wo,i - UQ,2)+dx VO < t < T 

hold for some constant b > depending on X, f , and ai if (1.10) holds and on X, f , ai 
and a2 if (2.2) holds. If both ui and U2 are solutions of (0.3) in Q x (0, T) with initial 
value Uq = Wo, 1,1*0, 2 J respectively, then 

(a) / \ui — U2\{x,t)dx < e^* / \uo^i — uo^2\dx VO < t < T. 
Jo, Jq 

Proof. We will use a modification of the technique of Dahlberg and C. Kenig [DK] to prove 
the theorem. Let h e C^{^) be such that < h < 1. For any ti e (0,T), let 77 be the 
solution of 

r]t + Ar] + Hr] = inOx(0,ti) 

ri = onaOx(0,ti) (2.3) 
r]{x, ti) — h{x) in il 



where 



H{x,t) = < 



Xf[x)[ it ui{x,t) ^ U2{x,t) 

J , ^ (2.4) 

Xf{x)[^^ (ui) if ui{x,t) ^ U2{x,t). 
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Then 



/ {ui -U2){x,ti)h{x)dx - / {uo^i - uo^2)'n dx 

= J J ^[{ui - U2)r]] dx dt 

= [ [ - '^2)tV + {ui - U2)r]t] dx dt 

< I I [r]A{ui - U2) + \r]{g{ui)~^ - g{u2)~^)f + (ui - U2)r]t] dxdt 

Jo Jci 

= - '^2)[vt + Arj + Hrj] dx dt 

Jo Jq 

=0. 

/ {ui -U2){x,ti)h{x)dx < / {uo^i - uo^2)r]dx. (2.5) 
Jq Jq 

Let b = supj^x(o,T) \H{x,t)\. By (2.1), (2.4) and either (1.10) or (2.2), 6 < 00. By the 
maximum principle rj > 0. By (2.3), 

r]t + Ar] + br] > in Q x (0, ti) 

{e^^r])t + A(e^*r7) > in x (0, h). 

Hence by the maximum principle. 



Hence 



?7(x,0) < max(e''*^?7(a;,ti)) = e"*^ ||/i||loo < e^'K (2.6) 

Q 

By (2.5) and (2.6), 

/ {ui - U2){x, ti)h{x) dx < e^^^ / (wo,i - tto,2)+ dx. (2.7) 
Jq Jq 

Let A = {x & Vt : ui{x,ti) > U2{x,ti)}. We now choose a sequence of function hk G 
Cq°{Q), < hk < I, such that hk — > Xa a.e. as /c — > cxd. Putting h = hk va. (2.7) and 
letting A; — > 00, 

/ {ui - U2){x,ti)j^dx < e^^'^ I {uq^i - UQ^2)+dx. 
Jq Jq 

Since ti G (0, T) is arbitrary, (i) follows. Similarly if both ui and U2 are solutions of (0.3) 
in ri X (0, T) with initial value uq = tto,i, 1*0,2, respectively, then 

{ui-U2){x,t)-dx <e''^^ {uo,i-uo,2)-dx VO < t < T. (2.8) 
Jq Jq ' 

By (i) and (2.8), (ii) follows. 
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Corollary 2.2. Let wq, 171*0,2 £ L^{fl) be such that uq^i < 1x0,2 in' ^- Let f e C{Q) and 
< g E C^((— 00,1)). Suppose ui, U2, are the suhsolution and supersolution of (0.3) in 
O X (0,T) with initial value uq = "Uq,!? "^^0,2; respectively. Suppose (2.1) holds and either 
(1.10) holds or (2.2) holds for some constant 02 < 1. Then ui < U2 inVlx (0,T). 

Corollary 2.3. Let uq E L^{n), f E C{Tl) andO<gE C2((-oo, 1)) satisfy (1.10). Then 

the solution of (0.3) in Q x (0,T) is unique. 

Corollary 2.4. Let uq E L^{Q), f E (7(0) and < g E C^((-oo, 1)). Then the solution 
of (0.3) in Q X (0, T) is unique in the class of functions on Q x (0, T) which are uniformly 
bounded below on Q x (0, T'] for any < T' < T. 

Theorem 2.5. Let uq satisfy (O.4) for some constant < a < 1. Let f satisfy (0.1) and 
g satisfy (0.2). Then for any A > there exists T > such that (0.3) has a solution which 
satisfies 

u(x.it) = / Gix,y,t)uQiy)dy-\-\ / / G{x,y,t — s)—— —dyds Va; e Q, < t < T, 

Jq Jo Jq 9[u{y,s)) 

(2.9) 

Q X (0,T). 

Proof. When A = 0, (0.3) reduces to the heat equation and the theorem foUows from 
standard theory for heat equation [F]. We next assume that A > 0. We divide the proof 
into two cases. 

Case 1 : uq E Cq°{0,) and uq satisfies (0.4) for some constant < a < 1. 
Let 

w{x,t) = / G{x,y,t)uo{y)dy, (2.11) 



and 



ui(x,t) = w(x,t) + X [ [ G(x,y,t-s) dyds Vo; G O, < t < T. (2.12) 

Jo Jq 9{uo{y)) 

Then w satisfies 

dtw = Aw in O X (0, 00) 

w{x, t) = yx EdQ,t>0 (2.13) 
w{x, 0) = uo{x) in Q. 

Let Ti = sup{0 < ti < T : ui{x, t) < {1 + a)/2 Vx G H, < t < ti}. Suppose Ti < T. 
By (0.2), (0.4), (0.6), (2.10) and (2.12), e H, < t < Ti, 

X/,,.,, , / NX (1 — ti) 9((1 + o)/2) 1 + a 

m{x,t) <a + X{\\f\\L^/g{a))t < a+ ^^^^^^^^^ < 
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By continuity of ui there exists < 5 < {T — Ti)/2 such that 

. . 1 + a 

holds for all X e O,, < t <Ti + 5. This contradicts the maximahty of Ti. Hence Ti = T 
and (2.12) holds for all a; e f2, < t < T. Suppose wi, tt2, . . . , w/c, are defined. We define 



Uk+i {x, t) = w{x^t) + \ 



JQ. 



G{x,y,t- s) 



g{uk{y,s)) 



dyds yx en,0 <t <T. (2.14) 



Let Tfc = sup{0 < ti < T : Uk{x,t) < (1 + a)/2 Vx G O, < t < ti}. We claim that 
Tj- = T for all k G Z+. We will prove this claim by induction. Note that Ti = T is already 
proved before. Suppose Ti = Ta = • • • = = T but T^+i < T. Then 



uk{x, t) < yx en,o <t <T. 



(2.15) 



By (0.2), (0.4), (2.10), (2.14) and (2.15), 



Uk+i{x,t) < a + X{\\f\\Loo/g{{l + a)/2))t < a+^^—^ < Va; G fi, < t < Ti. 



4 2 

By continuity of ttfc+i there exists < 5 < {T — T/e+i)/2 such that 

1 + a 



Uk+i{x,t) < 



(2.16) 



holds for all X E fl, < t < Tk+i + 5. This contradicts the maximality of Tk+i- Hence 
Tfc+i = T and (2.16) holds for all x G O, < t < T. Thus by induction = T for all 
keZ+. Hence (2.15) holds for all k e Z+ . Since 



w{-,t)^uo in L^(fi) as t — > 0, 



by (0.6), (2.14) and (2.15), 



By (2.12) and (2.14), 



Uk{-it)^uo in L^{^1) as t — > 0. 



w{x, t) < Uk{x, t) in n X (0, T) V/c G Z+. 



(2.17) 



(2.18) 



(2.19) 



By (2.12), ui is continuously diffcrcntiable in x and t. Then by (2.14), (2.19) and standard 
parabolic theory [F], Uk G C^'^U x {0,T]) for aU k>2. Then by (2.14), (2.15) and (2.18), 
(2.19), Wk > 2, Uk satisfies 



( duk 



Auk = 



A/ 



infix (0, T) 



dt g{uk-i) 

Uk{x,t)=0 ondnx{0,T) 

Uk{x,0) = uo{x) in Q. 
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(2.20) 



By (2.15), (2.19), (2.20) and the parabolic Schauder estimates [LSU], the sequence {■Ufc}^2 
are uniformly Holder continuous on x [0,T]. Then by (2.15), (2.19), (2.20) and the 
Schauder estimates for the heat equation ([F],[LSU]) {uk}'^^2 uniformly bounded in 
(j2+p,i+{/3/2)^j^-^ for any compact subset K G Q x {0,T] where < /9 < 1 is some con- 
stant. By the Ascoli theorem and a diagonalization argument {uk}'^^2 ^ subsequence 
which we may assume without loss of generality to be the sequence itself which converges 
uniformly in C'^+f^'^+(f^/'^'> (^K) to some function u for any compact subset K G ft x [0,T] 
ask^oo. Then by (2.14), (2.15), (2.19) and (2.20) u satisfies (2.9), 

w{x,t) <u{x,t) <^^^ yx en,0 <t<T, (2.21) 

and 

^-Au=^ inl)x(0,T) 

dt g{u) ^ ' (2.22) 

u{x,t) = ^ ondQx{0,T) 

By (0.6), (2.9), (2.17) and (2.21), u satisfies (0.5). Hence m is a solution of (0.3) in 

n X (o,T). 

Case 2 : uq satisfies (0.4) for some constant < a < 1. 

We choose a sequence of function {wo.fcjfcLi ^ '^o°i^) such that Mo.fc converges to uq in 
L^{Q) and a.e. as /c — > oo. For any k e Z+, by case 1 there exists a solution Uk of (0.3) in 
fl X (0, T) with initial value uo,k which satifies 

Ukix,t)= [ G{x,y,t)uo^kiy)dy + xf I G{x,y,t - s)—^^f^—- dy ds (2.23) 

for any a; e f2, < t < T, and 

w{x,t) <Uk{x,t) <^^^^-^ Vxen,0<t<T. (2.24) 

Since {wfclfc^^i satisfy (0.3) with initial value Mo.fc in Q x (0, T), by the parabolic Schauder 
estimates [LSU], the sequence {tifcjfcLi are uniformly Holder continuous on O x (5i,T] 
for any < 5i < T. Then by the parabolic Schauder estimates ([F],[LSU]) {^fclfc^i are 
uniformly bounded in C'2+^,i+(/3/2)^^^ Jqj. g^^y compact subset K C O x (0, T] where 
< /? < 1 is some constant. By the Ascoli theorem and a diagonalization argument 
{■^fclfeLi has a subsequence which we may assume without loss of generality to be the 
sequence itself which converges uniformly in C"^^^'^^^^ l'^\K) to some function u for any 
compact subset C O x (0, T] as /c ^ oo. Then u satisfies (2.22). Letting A; ^ cxd in 
(2.23) and (2.24), we get (2.9) and (2.21). By (0.6), (2.9), (2.17) and (2.21), u satisfies 
(0.5). Hence tt is a solution of (0.3) in Q x (0,T) and the theorem follows. 

By Corollary 2.2 and the Duhamel principle we have the following corollary. 

Corollary 2.6. Let f satisfy (0.1), g satisfy (0.2) and uq satisfy (O.4) for some constant 
a < 1. Suppose u is a bounded solution of (0.3) in Q x (0, T). Then u satisfies (2.9) in 
Vl X (0,T). 
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Corollary 2.7. Let f satisfy (0.1) and g satisfy (0.2). Let wq, 1,^0,2 € L°°(f2) he such 
that wo,i < 'U'0,2 < a < 1 for some constant < a < 1 and wo,i ^ 'Wo,2- Suppose ui, U2, are 
hounded solutions of (0.3) inVLx (0, T) with initial values wo,i,'Uo,2 respectively. Then 

ui <U2 infix (0, T). 

Proof. By Corollary 2.2 tti < W2 in Q x (0,T). By Corollary 2.6 both -Ui and U2 satisfies 
(2.9) with uq = Mo,i,'U'0,2 respectively. By (2.9) for wi, W2, (0.2) and the positivity of the 
Green function for the heat equation the corollary follows. 

By Corollary 2.2, Theorem 2.5 and a continuity argument we have the following theo- 
rem. 

Theorem 2.8. Let f satisfy (0.1) and g satisfy (0.2). Let A > 0. Suppose (S\) has a 
supersolution v\. Let uq G L°°(ri) satisfy 

uq < vx in Q. 

Then (0.3) has a unique hounded glohal solution which satisfies (2.9) and 

inf Wo < u{x, t) < v\{x) \/Q X (0, 00). 

Theorem 2.9. Let f satisfy (0.1) and g satisfy (0.2). Let < A < A* and let v\ he a 
supersolution of (S\). Let uq e L^{Q) satisfy 

Uq < Vx in Q. 

Then (0.3) has a glohal solution u which satisfies (2.9) and 

w{x,t) <u{x,t) <vxix) Vnx(0, 00) (2.25) 

where w is given hy (2.11). The solution is unique within the family of functions satisfying 
(2.25) if either (1.10) holds or 

sup (s) < 00 Va < 1. (2.26) 

s<a \gj 

Proof. For any k e Z"*", let tto,fe = max(Mo, —k). Then 

uo,k+i<uo,k and - /c < wo,fe < t'A in V/c e Z+. 

By Corollary 2.2 and Theorem 2.8 for any k e Z'^ there exists a global bounded solution 
Uk of (0.3) with initial value uo^k which satisfies (2.23) in f2 x (0, 00), 

-k<Uk<vx in n X (0, 00) V/c e Z+. (2.27) 
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and 



Uk+i ^ Uk in Q X (0, oo) VA; e Z"*". 



(2.28) 



By (2.23), 



Wk{x,t) < ttfe infix (0, oo) \/k e Z"*" 



(2.29) 



where 



Wk{x,t)^ / G{x,y,t)uo^k{y)dy 



(2.30) 



is the solution of (2.13) with initial value uo,k- Let w be given by (2.11). Since |wo,fc| < I'J^ol 
in Q, by (0.6), (2.30) and the Lebesgue dominated convergence theorem Wk converges 
uniformly to on O x [Si, oo) as oo for any Si > 0. Hence by (2.27) and (2.29), the 
sequence {u-itlfc^i are uniformly bounded on O x oo) for any Si > 0. Since Uk satisfies 
(0.3) in n X (0, oo) with initial value wo,A:, by the Schauder estimates [LSU] {uk}'^i are 
uniformly bounded in C'^'^^'^'^^^^'^^fl x oo)) for any Si > where < /? < 1 is some 
constant. By (2.28), the Ascoli theorem and a diagonalization argument {ttfe}^i has a 
subsequence which we may assume without loss of generality to be the sequence itself 
which decreases and converges uniformly in C'^+^'^^^^/'^\fl x [Si, oo)) to some function u 
for any 5i > as /c ^ oo. 

Then u satisfies (2.22) and (2.25). Letting /c ^ oo in (2.23) we get (2.9). By (2.9) and 
(2.17) u satisfies (0.5). Hence m is a solution of (0.3) in 17 x (0,T). If (1.10) holds, by 
Corollary 2.3 the solution is unique. 

Suppose (2.26) holds. Suppose ui, U2, are both solutions of (0.3) in O x (0, oo). Then 
by (2.25) and the Duhamel principle, both wi, U2, satisfies (2.9). Putting u — ui,U2, in 
(2.9) and subtracting the resulting equations, we get 



ui{x, t) — U2{x, t) — X 




[ [ G{x,y,t- s)f{y) (—^ \\ ~ \\^ 

Jo JQ \9{My,s)) g{u2{y,s))J 



< aoA||/||Loot sup {ui-U2)+ \/x efl,0 <t <T 



nx(o,T) 



for any T > where ^{y, s) is some number between ui{y, s) and U2{y, s), 



sup 

s<\\vx\\l'^ 




Hence 



sup {ui - U2)+ < aoX\\f\\L^T sup {Ul-U2)+. 
nx(o,T) nx(o,T) 
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(2.31) 



We now choose T = 1/(1 + 2aoA||/||Loc). Then by (2.31), 

sup {ui — U2)+ = =^ ui <U2 in n X (0, T). 
nx(o,T) 

By interchanging the role of ui and U2 we get 

U2<ui innx(0,T). 

Hence 

ui=U2 in ri X (0, T). 

By dividing the time interval into disjoint intervals of length T and repeating the above 
argument we get 

ui — U2 in n X (0, oo) 

and the theorem follows. 

Theorem 2.10. Let g satisfy (0.2) and 

< / e C"(M'') for some constant < a < 1. 

Let Uq e L-'^(]R"') he such that uq < a in for some constant a < 1. Then for any A > 
there exists a constant T > such that the Cauchy problem 

Ut = Au+^^^ mM"x(0,T) 

9{u) ^ ^ (2.32) 

u{x, 0) = uq in 
has a solution u which satisfies 

u{x,t)= [ Z{x,y,t)uo{y)dy + X [ [ Z{x,y,t-s) //^^ dyds (2.33) 



in W 



X (0,T) where Z{x,y,t) = (47r)-t e-l^-J'I'/^t. 



Proof. If A = or / = in IR", (2.32) reduces to the heat equation and the result follows 

by standard results on heat equation [F] . Hence we may assume without loss of generality 
that A > and / ^ in R^. Let T be given by (2.10). For any > let Gr{x, y, t) be the 
Dirichlet Green function of the heat equation in Br x (0, oo). By the proof of Theorem 
2.5 for any A; > 1 there exists a solution Uk of 

ut = Au+^^ inSfeX(0,T) 

g[u) 

u{x, t)=0 on dBk X (0, T) ^^'^^^ 

^ u{x, 0) = uq in Bk 
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which satisfies 



Uk{x,t)=[ Gk{x,y,t)uo{y)dy + X [ I Gk{x,y,t-s) . '^^/^ .. dyds (2.35) 
Jsk Jo JBk 9{uk{y,s)) 



'Bk Jo JBk 

for any {x, t) e Bk x (0, T) and 

Wk{x,t) <Uk{x,t) <^-^ inSfcx(0,T) V/c > 1 (2.36) 

where 

Wk{x,t)= / Gk{x,y,t)uo{y)dy 

JBk 

Since Gk{x,y,t) < Gk+i{x,y,t) in x (0,r) for any /c > 1, by the construction of 
solutions in Theorem 2.5, 

Uk<Uk+i inSfcX(0,T) V/c > 1. (2.37) 
Since Wk converges uniformly to 

w{x,t)= Z{x,y,t)uo{y)dy (2.38) 

as — oo, by (2.36) the sequence {uk}'^^i is uniformly bounded on every compact subset 
of X (0, T). By (2.34) for Uk, (2.36), and the parabohc Schauder estimates the sequence 
{ufcjfc^i is uniformly Holder continuous on every compact subset of x (0,T). Then 
by (2.34) for Uk, (2.36), and the parabolic Schauder estimates the sequence {uk}kLi is 
uniformly bounded in C'^+^'^+('^/^)(K) for any compact subset K C x (0,T) where 
< /3 < 1 is some constant. Then by (2.35), (2.36), (2.37), the Ascoh Theorem and a 
diagonalization argument the sequence {uk}'^i has a subsequence which we may assume 
without loss of generality to be the sequence {ukj'^^i itself which increases and converges 
uniformly in C'^+^'-^+(^/^)(i^) for any compact subset K G x (0, T) to a function u 
which satisfies (2.33), 

ut = Au+^^ inM"x(0,T), 

and 

w{x, t) < u{x, t) < in W X (0, T) (2.39) 

Since w{x,t) uq as t ^ 0, by (2.33) and (2.39) u{x,t) — > tto as t — > 0. Hence u satisfies 
(2.32) in W x (0,T). 



Section 3 

In this section we will prove the convergence of solutions of (0.3) for any < A < A* 
as t — s> cxD. We also obtain various conditions for the solutions of (0.3) to have finite 
touchdown time. 
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Theorem 3.1. Suppose f satisfies (0.1) and g satisfies (0.2). Let < A < A* and let vx 
be the unique minimal solution of (Sx) given by Theorem 1.1. Let uq satisfies 

uq <vx in Q 

and let u be the global solution of (0.3) constructed in Theorem 2.9. Then u converges 
uniformly on to vx as t ^ oo. 

Proof. Note that the theorem is proved by N. Ghoussoub and Y. Guo in [GhG2] for the 
case g{s) = (1 — s)^ and = in and by T. Suzuki, etc. in [KMS] for the case 
g{s) = (1 — s)P and < wo < f a in Both are based on proving the positivity of ut in 
0, X (0, oo) when uq — using a modification of Fujita's technique [Fu]. This approach is 
not apphcable in our case and we wiU use a different proof for the convergence result. 

By Theorem 2.9 u satisfies (2.9) and (2.25) with w being given by (2.11). Let {tk}'^^i, 
^fc > 1 for all /c > 1, be a sequence such that ^ oo as k ^ oo. By (2.25) and the parabolic 
Schauder estimates [LSU] u{x,t) is uniformly bounded in C^+^'-'^+(^/^)(0 x [l,oo)) where 
< /3 < 1 is some constant. Then by the Ascoli theorem {tk}'kLi has a subsequence 
{^ifclfc^i such that u{x, ti^ +t) converges uniformly in C^'^(n x [0, 1]) to some function vi 
as A; — > oo. Let v{x) = vi{x, 0). Multiplying (0.3) by Ut and integrating over fl x (l,t), 

f f u^dxdt= f [ UfAudxdt + X f f '^^ dxdt 
Ji Jn Ji Jq Ji Jn 9W 



<l [ \Vu{x,l)fdx + X\\f\\Loo\n\{a2-ai) max {l/g{s)) 

Z Jq ai<s<a2 

holds for alH > 1 where ai = mmYiu{x, 1), a2 = ma,x-^vx- Letting t — > oo, 

/ [ u'^dxdt<l- [ \Vu{x,l)\'^dx + X\\f\\Loo\n\{a2-ai) max(l^(s)). 

Jl Jfi 2 Jq ai<s<a2 



Hence 



Thus 



dxdt ^ as k ^ oo. 



/ \u{x,tii^ +t) - u{x,tij\dx < / / \ut\dxdt 

Jn Jti^ Jq 



r , 

<\n\^ \ I u^dxdt 
)-0 as A; — > oo 



/ 



\vi{x,t) -v{x)\dx=0 VO<t<l 

vi{x,t)=v{x) yxeU,o<t<i. 
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Hence u{x, ti^ + t) converges uniformly to v{x) on f2 x [0, 1] as A; — > oo. Putting t = ti^ 
and letting A; — > oo in (2.25), 

0<v{x)<vxix) iiiU. (3.1) 
Integrating (0.3) over {U^.U^ + 1), 

/•*ife+i /-^ifc+i Xfix) — 
u(xAi,+l) — u(xAi.)= / Au(x,s)ds+ / —r-, rr (is on O. 

Ju. Ju,^ ^(«(^,s)) 



Letting A; — > oo we get that v satisfies (Sx). Since vx is the minimal solution of (Sx), by 
(3.1), 

v(x) = vx{x) on il. 

Since the sequence {tfcjfcLi is arbitrary, u{x,t) converges uniformly to on 1] as t ^ oo 
and the theorem follows. 

By (ii) of Theorem 1.1 and an argument similar to the proof of Theorem 3.1 we have 
the following theorem. 

Theorem 3.2. Suppose f satisfies (0.1) and g satisfies (0.2). Let A > A* and let u he a 
solution of (0.3). Then either Tx < oo or u touchdowns at time infinity. 

Theorem 3.3. Let f satisfy (0.1) and (1.4) and g satisfy (0.2) and (1.10). Let Ai = 
(/Ui/5i) supQ<g<]^ sg{s). Then for any solution u of (0.3) with initial value uq and A > Ai, 
we have 

Tx < \ [ 9{s) ds (3.2) 
(A - Aijdi Je(o) 

where E{0) = wo0i dx. Moreover if g also satisfies 

g{s) ^0 as s / 1, (3.3) 
then there exists a constant oq < 1 such that if 

UQ(j)i dx > ao, (3-4) 

then for any solution u of (0.3) with A > and initial value uq we have Tx < (1 — ao)/10. 

Proof. We will use a modification of the argument of [GPW] and [KMS] to prove the 
theorem. Suppose tt is a solution of (0.3) with A > and initial value uq. Let 



E{t) — I u{x,t)(j)i{x) dx. 
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Multiplying (0.3) by 0i and integrating over fl, by the Green theorem, (1.10) and the 
Jensen inequality, 

—E(t) —— ( [ u(bi dx \ — [ (biAudx + X [ dx 

> — IJ, [ ucpi dx + X6i [ ^/^ dx 
Jn Jn 9{u) 

Note E{t) < 1 for any t > 0. We now divide the proof into two cases. 
Case 1 : A > Ai. 

Then the right hand side is 



Integrating (3.5) over (0,t), by (3.6), 



1 



t < TT — ^-T^ / gis) ds 
[A — M)<Ji Je{o) 

and (3.2) follows. 

Case 2 : A > and (3.3), (3.4), hold for some constant oq to be determined later. 
By (3.3) there exists a constant ao < 1 such that 

-fxy + X^>10 Vao<y<l. (3.7) 

9{y) 

Integrating (3.5) over (0,t), by (3.4) and (3.7), 

10t<E{t)-E{0)<l-E{0) ^ T;,<mM<l^. 

By Corollary 2.2, Theorem 2.9, Theorem 3.3 and a comparison argument we have the 
following corollary. 

Corollary 3.4. Let f satisfy (0.1), 

Sr= inf />0 

BRixo) 

for some Br^xq) C O, and let g satisfy (0.2) and (1.10). Let be the first eigenvalue of 
—A in Br{xo) and let (pR be the first positive eigenfunction of —A in Br[xq) normalized 
such that (j^Rdx = 1. Let Xr = {hr/^r) supo<3<i sg{s). Then for any solution u 

of (0.3) with initial value wq > and X > Xr, we have 

1 "1 



Tx < . / 9{s) ds 
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where £^i(0) = J^^^^^^uo(f)jidx. Moreover if g also satisfies (3.3), then there exists a 
constant ai < 1 such that ifuo>0 and 



UQ4>Rdx > ai, 

Br{xo) 

then for any solution u of (0.3) with A > and initial value uq we have T\ < {1 — ai)/10. 

Theorem 3.5. Let f satisfy (0.1), g satisfy (0.2) and A > A*. Suppose uq satisfies (O.4) 
for some constant a < 1 and 

Uq < Uq in Q (3-8) 

for some suhsolution uq e C^(f2) fl (7(11) of (S\). If u is the unique bounded solution of 
(0.3), then Tx < oo. 

Proof. Suppose w is a global bounded solution of (0.3). Let u be the unique bounded 
solution of (0.3) with initial value uq given by Theorem 2.5 and Corollary 2.2. Then by 
Theorem 2.5, Corollary 2.2 and a continuity argument u can be extended to a global 
solution of (0.3) with initial value uq which satisfies 

u<u inJ]x(0,oo). (3.9) 

By an argument similar to the proof on P. 4-6 of [KMS] but with (1 — it)^ there being 
replaced by g{u) we get that there exists a time T > such that 

lim suT)u(xA) = 1. (3.10) 

By (3.9) and (3.10), supQ'u(x,t) will converges to 1 before the time T. Hence Tx < oo. 
Theorem 3.6. Let f satisfy (0.1) and g satisfy (0.2). Let 

' In /<^i 

and let u be a solution of (0.3) with initial value uq. Then 

'-(A -AO LMd. ^'-^'^ 

where 

Jo 9{s)ds 



X' = lii 



In dx ' 
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Proof. Let H(u) be given by (1.3). Then 

/ H{u)(f)idx] = — / (j)ig{u)utdx 
Jo. J Jn 

= — / (f)ig{u)Audx — X / f(f)idx 
Jq, Jq 



d_ 
dt 



= / (f)ig'{u)\Vu\'^ dx + / g{u)V(j)\ ■ Vudx — X / f4>idx 
Jq Jci Jci 

< - ! V01 • VH{u) dx-X [ fcpi dx 

Jn Jq 

< f H{u)A(j)idx- f H{u)^ da - X I f(f)idx 
Jq JdQ Jq 

<-lii f H{u)(j)i dx - H{0) [ ^da- X f f(f)idx 

Jq JdQ OP Jq 

= / H{u)(j)idx - H{0) / A(f)idx-X / f(f)idx 
Jq Jq Jq 

= — //I / H{u)(j)i dx + IJ,H{0) / (pi dx — X fcpi dx 
Jq Jq Jq 

= — Hi H{u)<pi dx + yUi-ff(O) — X /(/>i dx 
Jq Jq 

<-{x-x') I 

JQ 



f(t>i dx 

IQ 



Integrating over (0,t), 

/ H{u{x,t))(f)i{x)dx < / H{uo)(f)idx - {X- X')t / f(j)idx. 
Jq Jq Jq 

Since the left hand side is positive while the right hand is negative for any 

1 J^H{uo)(f)idx 



(3.11) follows. 
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